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Higher Spectral Flow for Dirac Operators with
Local Boundary Conditions
Jianqing YU∗
Abstract
We consider a gauge invariant one parameter family of families of
fiberwise twisted Dirac type operators on a fiberation with the typi-
cal fiber an even dimensional compact manifold with boundary, i.e., a
family {Du}, u ∈ [0, 1] with D1 = gD0g−1 for a suitable unitary auto-
morphism g of the twisted bundle. Suppose all the operators Du are
imposed with a certain local elliptic boundary condition F and Du,F is
the self-adjoint extension of Du. We establish a formula for the higher
spectral flow of {Du,F }, u ∈ [0, 1]. Our result generalizes a recent
result of Gorokhovsky and Lesch to the families case.
1 Introduction
The spectral flow for a curve of self-adjoint Fredholm operators is intro-
duced by Atiyah-Patodi-Singer [1], and is an integer that counts with signs
the number of eigenvalues passing through zero from the start of the curve
to its end. (Throughout the paper a family always means a continuous and
sometimes smooth family, and a curve always means a one parameter fam-
ily.) In [22], Prokhorova computed the spectral flow on a compact planar
domain for a curve which is invariant by a scalar gauge transformation of
Dirac type operators imposed with a certain local boundary condition. In
a recent paper [14], based on the heat kernel approach, Gorokhovsky and
Lesch extended the results of [22] to the case of arbitrary compact even
dimensional manifolds with boundary.
As a natural extension of the classical spectral flow to the families case,
Dai and Zhang introduced the higher spectral flow in [9, 11] for a curve of
families of Dirac type operators parameterized by a compact space, which
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takes values in the K-group of the parameter space, with the help of the
notation of spectral sections introduced by Melrose-Piazza [21]. The higher
spectral flow and spectral sections have since then found other significant
applications; see [17], [18], [19], [4], etc.
It is a natural question to generalize the result of Gorokhovsky-Lesch
[14] to the families case. We recall that Gorokhovsky and Lesch essentially
used the Getzler formula [13] to reduce the problem to the computation of
the heat kernel on a half-cylinder. Our first observation is that by combining
the arguments in [14] with the heat kernel computations in [11, Section 4],
one can obtain a families version of [14, Theorem 3.3], which expresses the
Chern character of the higher spectral flow of the families of Dirac type
operators imposed with local boundary conditions in terms of that of the
families of boundary operators. However, the obtained formula fails to hold
on the level of K-theory, since taking the Chern character might kill some
torsion elements involved in the higher spectral flow.
It is the purpose of the present paper to establish the desired formula
in full generality on K-theoretic level; see Theorem 3.1. The general idea
here is inspired by Dai-Zhang [10] and is to reduce the problem to the
calculations on families of finite cylinders through a splitting type formula
of the higher spectral flow. The deduction of such a splitting formula is
essentially a modification of [10, Section 3], which is based on the beautiful
idea of Bunke [8] in his approach to the splitting formula for η-invariants.
As in [11, Section 4], the higher spectral flow we consider here also gives
an interpretation of the index bundle of a Toeplitz type family associated to
the family of Dirac type operators with a local boundary condition. Thus,
our result can be thought of as an odd analogue of a theorem of Freed [12,
Theorem B] which expresses the families index of the Dirac type operators
on odd dimensional fibers imposed with a local boundary condition in terms
of that of the boundary operators.
We indicate here that even though our results are stated for spin mani-
folds, both the statements and proofs extend without difficulty to the more
general case when there are smoothly varying Z2-graded Hermitian Clifford
modules over the fibers.
A brief outline of the paper is as follows. In Section 2, we recall the local
boundary conditions, spectral sections and the higher spectral flow, and
introduce a Toeplitz type family whose index bundle can be interpreted as
a higher spectral flow. In Section 3, we state our main result which extends
[14, Theorem 3.3] to the families case, and provide a proof.
Acknowledgements This work was supported by the China Postdoc-
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2 Local boundary conditions and higher spectral
flow
2.1 Local boundary conditions for a family of Dirac type
operators
Let π : M → S be a smooth fibration with the typical fiber an even di-
mensional compact manifold Y with boundary Z. We assume S is compact.
We fix a connection for this fibration which amounts to a splitting
TM = TY ⊕ THM, (2.1)
where TY and THM denote the vertical and the horizontal bundles, respec-
tively. We also have the identification THM = π∗TS.
Let gTY be a metric on TY . We choose a Riemannian metric gTS on
S, and let gTM be the metric on TM corresponding to (2.1) defined by the
orthogonal sum
gTM = gTY ⊕ π∗gTS . (2.2)
Let ∇TM be the Levi-Civita connection associated to (TM, gTM ). We de-
note by P TY the orthogonal projection of TM onto TY . Following Bismut
[5], let ∇TY be the connection on TY defined by ∇TY = P TY∇TMP TY .
Then ∇TY preserves gTY , and is independent of the choice of gTS .
For any b ∈ S and any vector bundle E over M , we set
Yb = π
−1(b), Zb = ∂Yb, and Eb = E|Yb .
Assuming that E carries a metric gE and a connection ∇E , we denote by
Hp(Yb, Eb), p ≥ 0 the space of sections of Eb over Yb which lie in the p-th
Sobolev space. When b runs through S, we get a Hilbert bundle Hp(Y, E),
p ≥ 0 which will be called the p-th Sobolev bundle associated to (gE ,∇E ).
We make the assumption that TY is spin and carries a fixed spin struc-
ture. Let S(TY ) be the Hermitian bundle of spinors associated to (TY, gTY )
with the Z2-grading S(TY ) = S+(TY )⊕ S−(TY ). Then ∇TY induces nat-
urally a Hermitian connection ∇S(TY ) on S(TY ) preserving the Z2-grading.
Let E be a complex vector bundle over M , which carries a Hermitian
metric gE and a Hermitian connection ∇E. We denote by c(·) the Clifford
action on S(TY ). Then it extends to an action c(·) ⊗ id|E on S(TY ) ⊗ E,
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which we still denote by c(·). Let∇S(TY )⊗E be the tensor product connection
on S(TY )⊗ E induced by ∇S(TY ) and ∇E .
For any b ∈ S, one has a canonically defined formally self-adjoint twisted
Dirac operator which is given by
DYb =
dimY∑
i=1
c(ei)∇S(TY )⊗Eei :
Γ(Yb, S(TY )b ⊗ Eb) −→ Γ(Yb, S(TY )b ⊗ Eb),
(2.3)
where {ei}dimYi=1 is an oriented orthonormal basis of (TYb, gTY |Yb). We denote
byDYb,± the restrictions ofD
Y
b on Γ(Yb, S±(TY )b⊗Eb). When b runs through
S, we obtain smooth families DY = {DYb }b∈S and DY± = {DYb,±}b∈S .
Let ∂∂r denote the inward unit normal vector field perpendicular to Z.
Set J = c( ∂∂r ). Let S(TZ) be the spinor bundle of TZ, which carries a
natural Hermitian metric induced by gTZ := gTY |TZ . We identify S(TZ)
with S+(TY )|Z isometrically. Also, the Clifford action c˜(v) on S(TZ)⊗E|Z
can be specified by −Jc(v) for v ∈ TZ.
Using the orthogonal decomposition induced by (2.2),
gTM
∣∣
T∂M
= gTZ ⊕ (π|∂M )∗gTS , (2.4)
we define a connection ∇TZ on TZ, which induces a Hermitian connection
∇S(TZ) on S(TZ). Let DZ = {DZb }b∈S be the family of canonically defined
twisted Dirac operators on S(TZ)⊗ E|Z as in (2.3).
Let D = {Db}b∈S be a smooth family of formally self-adjoint Dirac type
operators in the sense of [7, Definition 3.1] on {Yb}b∈S . We define the local
boundary conditions for D as in [14, Section 3.1].
For a smooth family of invertible and self-adjoint endomorphisms Fb of
E|Zb , b ∈ S, set (see [14, (3.3)])
dom(Db,Fb) =
{
s ∈ H1(Yb, S(TY )b ⊗ Eb)
∣∣ s−|Zb = JFbs+|Zb}, (2.5)
where s = s+ ⊕ s− splits with respect to the natural Z2-grading.
By [14, Proposition 3.1], we know that for every b ∈ S,
Db,Fb = Db
∣∣
dom(Db,Fb )
: dom(Db,Fb) −→ H0(Yb, S(TY )b ⊗ Eb) (2.6)
is a self-adjoint Fredholm operator. Furthermore, its spectrum is discrete
and each eigenvalue has finite multiplicity. For the sake of simplicity, we
will say DF = {Db,Fb}b∈S is the realization of D imposed with the local
boundary condition F = {Fb}b∈S .
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2.2 The higher spectral flow for families of Dirac operators
with local boundary conditions
Let D = {Db}b∈S be a family of formally self-adjoint Dirac type op-
erators. As in Section 2.1, we impose on D a local boundary condition
F = {Fb}b∈S and denote its self-adjoint realization by DF = {Db,Fb}b∈S .
We first recall the notation of spectral sections introduced by Melrose-
Piazza [21] in their study of the families index of Dirac operators on mani-
folds with boundary.
Definition 2.1 (cf. [21, Definition 1]). A spectral section for the family
DF = {Db,Fb}b∈S is a family of self-adjoint projections Pb on dom(Db,Fb)
such that for some smooth function R : S → R and every b ∈ S,
Db,Fbs = λs⇒
{
Pbs = s, if λ > R(b),
Pbs = 0, if λ < −R(b).
(2.7)
The existence of a spectral section of DF = {Db,Fb}b∈S is guaranteed by
the following assumption; see [21, Proposition 1].
Basic Assumption 2.2. We assume that the canonical family DY imposed
with the local boundary condition F has vanishing index bundle, i.e.,
Ind(DYF ) = 0 in K
1(S). (2.8)
In what follows, we always fixed a local boundary condition F , and make
Basic Assumption 2.2.
From Definition 2.1, one infers that any two spectral sections of DF
differ by a family of finite rank operators. Further, the generalized spectral
section, which can be thought of as a fiberwise compact perturbation of a
spectral section, was introduced by Dai and Zhang [10, Definition 2.1] in
their study of the splitting of the families index.
Definition 2.3 (cf. [10, Definition 2.1]). A generalized spectral section
for the family DF = {Db,Fb}b∈S is a family of self-adjoint projections Q =
{Qb}b∈S such that Qb is a compact perturbation of Pb for b ∈ S, where
P = {Pb}b∈S is a (in fact any) spectral section of DF .
Let Q, Q′ be two generalized spectral sections of DF . For b ∈ S, set
Tb(Q,Q
′) = Q′bQb : Im(Qb)→ Im(Q′b). (2.9)
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Since Q differs by a family of compact operators from Q′, by [3, Proposition
3.2], T (Q,Q′) = {Tb(Q,Q′)}b∈S defines a family of Fredholm operators.
Thus according to Atiyah-Singer [2], it determines an element
[Q−Q′] := IndT (Q,Q′) ∈ K(S). (2.10)
We now recall the definition of the higher spectral flow of Dai-Zhang
(cf. [11, Definition 1.5, Theorem 1.11]) for families of Dirac type operators
imposed with local boundary conditions.
Consider a curve of families of formally self-adjoint Dirac operators Du =
{Du,b}b∈S , u ∈ [0, 1]. We impose on Du, u ∈ [0, 1] the local boundary
condition F and denote its realization by Du,F = {Du,b,Fb}b∈S .
Let Q0, Q1 be spectral sections of D0,F , D1,F , respectively. If we con-
sider the total family D˜F = {Du,b,Fb}(u,b)∈[0,1]×S , then there exists a total
generalized spectral section P˜ = {Pu,b}(u,b)∈[0,1]×S . Let Pu be the restriction
of P˜ over {u} × S.
Definition 2.4. The higher spectral flow sf{(D0,F , Q0), (D1,F , Q1)} be-
tween the pairs (D0,F , Q0) and (D1,F , Q1) is an element in K(S) defined
by
sf{(D0,F , Q0), (D1,F , Q1)} = [Q1 − P1]− [Q0 − P0] ∈ K(S). (2.11)
Remark 2.5. It can be shown by some elementary arguments concerning
Fredholm families that the definition is independent of the choice of the
total generalized section P˜ ; see [11, pp. 440-441] and [3, Section 3].
2.3 Toeplitz families and higher spectral flows
We continue in the notations of the previous subsection.
Let D = {Db}b∈S be a family of formally self-adjoint Dirac type opera-
tors imposed with the local boundary condition F = {Fb}b∈S .
Under Basic Assumption 2.2, we can pick a spectral section P = {Pb}b∈S
of the family DF = {Db,Fb}b∈S .
Let g : M → U(N) be a smooth map from M to the unitary group
U(N). Then g can be viewed as an automorphism of the trivial complex
vector bundle CN |M over M . For any b ∈ S, g induces an automorphism of
C
N |Yb . Thus for any b ∈ S, g induces a bounded map gb from
H0(Yb, S(TY )b ⊗ Eb ⊗ CN )
to itself by acting as an identity on H0(Yb, S(TY )b ⊗ Eb).
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Also it is clear that Pb induces a map on H
0(Yb, S(TY )b ⊗Eb ⊗CN ) by
acting as an identity on sections of CN . We still note this map by Pb.
Definition 2.6 (Compare with [11, Definition 4.1]). The Toeplitz family
Tg,F = {Tg,F,b}b∈S is a family of Toeplitz operators defined by
Tg,F,b = PbgbPb : PbH
0(Yb, S(TY )b ⊗ Eb ⊗ CN )
−→ PbH0(Yb, S(TY )b ⊗ Eb ⊗ CN ).
(2.12)
We define the conjugation Dg = {Dg,b}b∈S of D by g as in [11, (4.7)],
i.e., set for any b ∈ S,
Dg,b = gbDbg
−1
b . (2.13)
Clearly, Dg is also a family of formally self-adjoint Dirac type operators. We
denote by Dg,F = {Dg,b,Fb}b∈S the realization of Dg imposed with the local
boundary condition F . By Definition 2.1, gPg−1 = {gbPbg−1b }b∈S gives a
spectral section of Dg,F .
By (2.13), Dg,b,Fb − Db,Fb is Db,Fb-compact for b ∈ S; see [15, Chapter
IV.1.3] for the definition of relatively compactness. It follows from [20,
Corollary 3.5] that gPg−1 − P is a family of compact operators.
Therefore, Tg,F is a family of Fredholm operators
1. As a consequence, it
defines an index bundle
Ind(Tg,F ) = [gPg
−1 − P ] ∈ K(S). (2.14)
As in the proof of [11, Proposition 4.3(i)], we know that the right hand side
of (2.14) does not depend on the choice of P .
As in [11, Section 4], the index bundle of the Toeplitz family can be
interpreted via higher spectral flow.
For any 0 ≤ u ≤ 1, set
Du,b = (1− u)Db + uDg,b. (2.15)
Then we get a curve Du = {Du,b}b∈S , u ∈ [0, 1] of families of formally self-
adjoint Dirac type operators. Imposing the local boundary condition F on
the curve (2.15), we get a curve
Du,F = {Du,b,Fb}b∈S , u ∈ [0, 1]
1Indeed,
Tg,FTg−1,F − P = P (gPg
−1
− P )P,
which clearly is a family of compact operators.
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of families of self-adjoint Fredholm operators. By Definition 2.4, we have a
higher spectral flow
sf
{
(DF , P ), (Dg,F , gPg
−1)
} ∈ K(S). (2.16)
Since Du,b,Fb is Db,Fb-compact for b ∈ S and u ∈ [0, 1], by [20, Corollary
3.5], P is a generalized spectral section in the sense of Definition 2.3 for the
total family D˜F = {Du,b,Fb}(u,b)∈[0,1]×S . Thus, by Definition 2.4, we have
sf
{
(DF , P ), (Dg,F , gPg
−1)
}
= [gPg−1 − P ]. (2.17)
As explained below (2.14), the right hand side of (2.17) does not depend on
the choice of P . We will denote it by sf{DF ,Dg,F }.
Theorem 2.7 (Compare with [11, Theorem 4.4]). The following identity
holds in K(S),
Ind(Tg,F ) = sf{DF ,Dg,F}. (2.18)
The next proposition concerning the homotopy invariance of the higher
spectral flow is inspired by [14, Proposition 2.1].
Let Ds, s ∈ [0, 1] be a curve of families of formally self-adjoint Dirac
type operators. Let gt :M → U(N), t ∈ [0, 1] be a curve of automorphisms
of CN |M . For s, t ∈ [0, 1], we denote by Ds,gt the conjugation of Ds by gt as
in (2.13).
Let E+ and E− denote the positive and the negative eigenbundles of F ,
respectively. Set F˜ = id|E+ ⊕ (−id|E−). Then
Fv = vF˜ + (1− v)F, v ∈ [0, 1] (2.19)
defines a curve of families of invertible and self-adjoint endomorphisms of
{E|Zb}b∈S , which amounts to a curve of local boundary conditions.
For s, t, v ∈ [0, 1], we impose the local boundary condition Fv on the
curve
Ds,u(t) = (1− u)Ds + uDs,gt, u ∈ [0, 1], (2.20)
and get a higher spectral flow sf{Ds,Fv ,Ds,gt,Fv}.
Proposition 2.8. The following identity holds in K(S),
sf{D0,F ,D0,g0,F} = sf{D1,F ,D1,g1,F } = sf{D1,F˜ ,D1,g1,F˜}. (2.21)
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Proof. By [6, Theorem 7.16], we know that the Fredholm families
(u, s, t, v) 7−→ Ds,u,Fv(t) = (1− u)Ds,Fv + uDs,gt,Fv (2.22)
are (fiberwise) continuous in the graph topology. Thus, we can easily modify
the argument in the proof of [14, Proposition 2.1] where the case of single
operators is treated to the families case, and deduce (2.21).
With the help of the preceding proposition we can now prove the follow-
ing families extension of an intermediary result that appears in the second
proof of [14, Corollary 3.4].
We write F > 0, if for any b ∈ S, all the eigenvalues of Fb are positive.
Proposition 2.9. If F > 0 or −F > 0, then
sf
{
DF ,Dg,F
}
= 0 in K(S). (2.23)
Proof. Let γ be the grading operator on S(TY )⊗ E such that
γ|S+(TY )⊗E = id, γ|S−(TY )⊗E = −id.
We claim the fiberwise invertibility of the curve (D + γ)u,F , u ∈ [0, 1]
obtained by imposing the local boundary condition F on the curve
(D + γ)u = (1− u)(D + γ) + ug(D + γ)g−1
= Du + γ, u ∈ [0, 1].
(2.24)
It follows the claim that the associated higher spectral flow vanishes. Due
to Proposition 2.8, (2.23) is proved.
We now turn to the proof of our claim.
For b ∈ S, s = s+ ⊕ s− ∈ ker
(
(D + γ)u,b,Fb
)
, we have
(Du,b + γ)s+ = 0, (Du,b + γ)s− = 0, s−|Zb = JFbs+|Zb . (2.25)
Applying Green’s formula [7, Proposition 3.4(b)], we deduce that〈
(Du,b + γ)(s+ ⊕ 0), 0 ⊕ s−
〉
L2(Yb)
− 〈s+ ⊕ 0, (Du,b + γ)(0⊕ s−)〉L2(Yb)
= −〈Js+|Zb , s−|Zb〉L2(Zb),
(2.26)
where by 〈·, ·〉L2(Yb) and 〈·, ·〉L2(Zb) we mean the L2 inner products naturally
defined on Yb and Zb, respectively. Combining (2.25) with (2.26), we infer
that s+|Zb = s−|Zb = 0, since Fb (or −Fb) is positive.
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Now that s|Zb = 0, it follows from Green’s formula that〈
Du,bs, γs
〉
L2(Yb)
+
〈
γs,Du,bs
〉
L2(Yb)
=
〈(
Du,bγ + γDu,b
)
s, s
〉
L2(Yb)
,
(2.27)
which is equal to zero, since Du,b obviously anticommutes with γ. On the
other hand, it is trivial to see that〈
(Du,b + γ)s, (Du,b + γ)s
〉
L2(Yb)
= 0. (2.28)
By substituting (2.27) into (2.28), we obtain〈
Du,bs,Du,bs
〉
L2(Yb)
+
〈
γs, γs
〉
L2(Yb)
= 0, (2.29)
which implies s|Yb = 0 as claimed.
3 Main result and its Proof
3.1 Main Result
We first recall some notations that we use in last section.
Let π : M → S be a smooth fibration with the typical fiber an even
dimensional compact spin manifold Y with boundary Z and S compact.
Let gTY be a metric on TY , and (E, gE) be a complex Hermitian vector
bundle over M endowed with a Hermitian connection ∇E.
Recall that DY = {DYb }b∈S is a family of fiberwise twisted Dirac opera-
tors on S(TY )⊗E over {Yb}b∈S defined in (2.3). Let DYg be the conjugation
of DY by g defined as in (2.13) for a smooth map g :M → U(N).
Given a family F = {Fb}b∈S of invertible and self-adjoint endomorphisms
of {E|Zb}b∈S which amounts to a local boundary condition, as in (2.5) and
(2.6), we obtain the self-adjoint realizations DYF of D
Y and DYg,F of D
Y
g .
Furthermore, we have a higher spectral flow sf{DYF ,DYg,F } as in Section 2.3,
provided that we make Basic Assumption 2.2.
Let Π+ and Π− be the bundle projections on to the positive eigenbundle
E+ and the negative eigenbundle E− of F , respectively. Set
gE± = gE |E± , ∇E+ = Π+∇E |Z Π+ , ∇E− = Π−∇E|Z Π− . (3.1)
Then ∇E± preserve the Hermitian metrics gE± on E±, respectively.
Recall that the connection ∇S(TZ) on TZ is introduced below (2.4) and
DZ is a family of self-adjoint twisted Dirac operators on S(TZ)⊗E defined
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in terms of ∇S(TZ) and ∇E. Let BZ± be the families of self-adjoint twisted
Dirac operators on S(TZ)⊗E± defined using ∇S(TZ) and ∇E± in a similar
way to DZ . Set
BZ = BZ+ ⊕BZ−. (3.2)
It is straightforward to show that BZ differs by a family of differential op-
erators of zeroth order from DZ .
We define the conjugations BZ±,g|∂M and D
Z
g|∂M as in (2.13). Set
BZ±,g|∂M = g|∂MBZ±g−1|∂M , DZg|∂M = g|∂MDZg−1|∂M . (3.3)
As will be explained in Section 3.4, under Basic Assumption 2.2, the spectral
sections for BZ±, DZ always exist. By [11, Definition 1.5], we have higher
spectral flows
sf{BZ+, BZ+,g|∂M}, sf{BZ−, BZ−,g|∂M} and sf{DZ ,DZg|∂M }
associated to the curves
BZ±,u = (1− u)BZ± + uBZ±,g|∂M , u ∈ [0, 1], (3.4)
DZu = (1− u)DZ + uDZg|∂M , u ∈ [0, 1], (3.5)
of families of self-adjoint twisted Dirac type operators over {Zb}b∈S .
We are now in a position to state our main result which is a generalization
of [14, Theorems 3.3] to the families case.
Theorem 3.1. The following identity holds in K(S),
sf{DYF ,DYg,F } = sf{BZ+, BZ+,g|∂M} = − sf{BZ−, BZ−,g|∂M}. (3.6)
Proof. The proof will be given in Sections 3.3-3.4.
Corollary 3.2 (Cobordism invariance of higher spectral flow). One has,
sf{DZ ,DZg|∂M} = 0 in K(S). (3.7)
Proof. Since DZ and B have the same principal symbol, (3.7) is a direct
consequence of (3.6) and [11, Proposition 4.3(ii)].
We now indicate some characteristic forms that we will use.
Recall that ∇TZ is a connection on TZ defined below (2.4). Let RTZ be
the curvature of ∇TZ . We define Â(TZ,∇TZ) as in [23, (1.19)],
Â(TZ,∇TZ) = det
( √−14π RTZ
sinh(
√−1
4π R
TZ)
)1/2 . (3.8)
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Let RE+ be the curvature of ∇E+ , and ch(E+,∇E+) be the Chern char-
acter form defined as in [23, (1.22)],
ch(E+,∇E+) = Tr
[
exp
(√−1
2π
RE+
)]
. (3.9)
We also define ch(E−,∇E−) in a similar way.
Let d be the trivial Hermitian connection on CN |M . Let ch(g, d) denote
the odd Chern character form of g defined as in [23, (1.50)] (see also [13,
Section 1]),
ch(g, d) =
∞∑
n=0
(
1
2π
√−1
)n+1
2 n!
(2n+ 1)!
Tr
[
(g−1dg)n
]
. (3.10)
Corollary 3.3. The following identity holds in H∗(S),
ch(sf{DYF ,DYg,F }) = −
∫
Z
Â(TZ,∇TZ) ch(E+,∇E+) ch(g, d)
=
∫
Z
Â(TZ,∇TZ) ch(E−,∇E−) ch(g, d).
(3.11)
Proof. Combining [11, Theorem 4.9] with Theorem 3.1, we get (3.11).
3.2 A reduction of the problem to the product case
We show that we can reduce the computation of the higher spectral flow
to the situation where all objects (metrics, connections, etc.) have product
structure decompositions near the boundary.
In the rest of this paper, we will suppress the subscript b for b ∈ S. All the
constructions below are understood fiberwise unless stated otherwise. Also,
while being fiberwise, all the procedures will be continuous with respect to
b ∈ S, as will be clear from the context.
Let injY denote the injectivity radius of (Y, gTY ). Pick 0 < ǫ < 116 inj
Y ,
and fix it once for all. We use the inward geodesic flow to identify a neigh-
borhood of Z in Y with the collar Z × [0, 16ǫ).
For 0 ≤ µ < ν < 16ǫ, we set
Z[µ,ν] = Z × [µ, ν], Y (ν) = Y − Z[0,ν]. (3.12)
Let ψ be a smooth function on Y such that
ψ|Z[0,12ǫ] = 1, 0 ≤ ψ|[12ǫ,14ǫ] ≤ 1, ψ|Y (14ǫ) = 0. (3.13)
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Let pr1 : Z[0,15ǫ] → Z denote the obvious projection onto the first factor.
Recall that gTZ = gTY |TZ and that ∂∂r is the inward unit normal vector field
perpendicular to Z. Set
g′TY = ψ (pr∗1g
TZ ⊕ dr2) + (1− ψ)gTY . (3.14)
We infer from (3.14) that the connection ∇′TY on TY defined through
g′ TY as in Section 2.1 has a fiberwise product structure decomposition over
Z[0,12ǫ], i.e.,
∇′TY |Z[0,12ǫ] = pr∗1(∇′TY |Z). (3.15)
We trivialize E|Z[0,15ǫ] over Z[0,15ǫ] by parallel transport with respect to
∇E along the geodesics perpendicular to Z. Set
g′E = ψ pr∗1(g
E |Z) + (1− ψ)gE . (3.16)
Take any Hermitian connection ∇E1 on (E, g′E), and set
∇′E = ψ pr∗1(∇E+ ⊕∇E−) + (1 − ψ)∇E1 . (3.17)
Then ∇′E preserves g′E .
Let H0(Y, S(TY )⊗E) and H′ 0(Y, S(TY )⊗E) be the 0-th Sobolev bun-
dles of S(TY ) ⊗ E over Y associated to the metrics induced by (gTY , gE)
and (g′ TY , g′E), respectively.
By [6, Lemma 2.1], we can construct a family Ψ = {Ψb}b∈S of invertible
even-parity endomorphisms of S(TY )⊗E such that Ψ|Z = id, which extends
to a family of isometries
Ψ : H0(Y, S(TY )⊗ E) −→ H′ 0(Y, S(TY )⊗ E). (3.18)
Using g′ TY , g′E and ∇′E , we define a family of fiberwise twisted Dirac
operators D′Y = {D′Yb }b∈S on S(TY )⊗E as in (2.3). Set
D′ = Ψ−1 ◦D′Y ◦Ψ.
Then from [6, Lemma 2.1], we see that D′ is a family of formally self-adjoint
Dirac type operators on S(TY )⊗E endowed with the metric induced by gTY
and gE . Furthermore, since Ψ is fiberwise unitary and Ψ|Z = id, combining
with Proposition 2.8, we deduce that
sf{D′YF ,D′Yg,F } = sf{D′F ,D′g,F } = sf{DYF ,DYg,F } in K(S). (3.19)
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Let A be a smooth map from Z[0,15ǫ] to u(N), the Lie algebra of U(N),
which is such that
g(z, r) = g(z, 0) expA(z, r), for (z, r) ∈ Z[0,15ǫ]. (3.20)
Then ψA clearly extends to Y , and
gt = g exp(−tψA), t ∈ [0, 1] (3.21)
defines a curve of automorphisms of CN |M such that
g0 = g, g1
∣∣
Z[0,12ǫ]
= pr∗1(g|Z). (3.22)
It follows from Proposition 2.8 that
sf{D′YF ,D′Yg,F } = sf{D′YF ,D′Yg1,F} in K(S). (3.23)
Combining (3.19) with (3.23), we see that
sf{DYF ,DYg,F } = sf{D′YF ,D′Yg1,F} in K(S). (3.24)
From the preceding discussion, it suffice to work in the case where all
objects involved have product structure decompositions near the boundary.
Specifically, we will always make the following assumption in the remainder
of this paper.
Assumption 3.4. The following equations hold on Z[0,12ǫ],
gTY |Z[0,12ǫ] = pr∗1gTZ ⊕ dr2, gE |Z[0,12ǫ] = pr∗1(gE |Z),
∇E |Z[0,12ǫ] = pr∗1(∇E+ ⊕∇E−), g
∣∣
Z[0,12ǫ]
= pr∗1(g|Z).
(3.25)
3.3 A splitting formula for the higher spectral flow
We use J = c( ∂∂r ) to identify S−(TY ) with S+(TY ) over Z[0,12ǫ] via the
map
S−(TY )|Z[0,12ǫ] ≃ S+(TY )|Z[0,12ǫ] , s− 7−→ −Js−. (3.26)
Then the local boundary condition defined by F in (2.5) takes the form
under identification (3.26):{
s+ ⊕ s−
∣∣ s± ∈ H1(Yb, S+(TY )b ⊗Eb), s−|Zb = Fbs+|Zb}, b ∈ S. (3.27)
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Recall that S(TZ) is identified with S+(TY )|Z in Section 2.1. It follows
from Assumption 3.4 that BZ can be thought of as a family of differen-
tial operators acting on (S+(TY ) ⊗ E)|Z[0,12ǫ] , which is constant along the
geodesics perpendicular to Z.
By Assumption 3.4 and (3.26), we will regard the restriction of DY on
Z[0,12ǫ] as a family of operators which acts on(
S+(TY )⊗ E ⊕ S+(TY )⊗ E
)∣∣
Z[0,12ǫ]
in the following way:[
0 DY−J
−JDY+ 0
]
=
[
0 − ∂∂r +BZ
∂
∂r +B
Z 0
]
. (3.28)
For 0 ≤ µ < ν ≤ 12ǫ, as at the beginning of Section 2.1, given any vector
bundle E endowed with a metric gE and a connection ∇E over M , we de-
note by Hp(Z, E), Hp(Z[µ,ν], E) and Hp(Y (ν), E), p ≥ 0 the p-th Sobolev
bundles associated to the restrictions (E , gE ,∇E)|Z , (E , gE ,∇E)|Z[µ,ν] and
(E , gE ,∇E)|Y (ν), respectively.
Let DZ[µ,ν] be the restriction of DY to Z[µ,ν], and D
Z[µ,ν]
g be the conju-
gation of DZ[µ,ν] by g defined as in (2.13). If we impose the local boundary
condition which is defined by families of self-adjoint and invertible endomor-
phisms F1 of E|Z×{µ} and F2 of E|Z×{ν} on the curve
D
Z[µ,ν]
u = (1− u)DZ[µ,ν] + uDZ[µ,ν]g , u ∈ [0, 1], (3.29)
then as in Section 2.3, we have a higher spectral flow
sf
{
D
Z[µ,ν]
{F1,F2},D
Z[µ,ν]
g1,{F1,F2}
}
associated to the curve D
Z[µ,ν]
u,{F1,F2}, u ∈ [0, 1] of realizations of (3.29), pro-
vided that the K1-index of D
Z[µ,ν]
{F1,F2} vanishes.
Recall that F˜ = id|E+ ⊕ (−id|E−).
The following splitting formula for the higher spectral flow enables us to
reduce the problem to the computation on a family of finite cylinders.
Proposition 3.5. The following identity holds in K(S),
sf{DYF ,DYg,F } = sf
{
D
Z[0,6ǫ]
{F˜ , id},D
Z[0,6ǫ]
g,{F˜ , id}
}
= sf
{
D
Z[0,6ǫ]
{F˜ ,−id},D
Z[0,6ǫ]
g,{F˜ ,−id}
}
.
(3.30)
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Proof. Let ξ be a smooth function on [2ǫ, 6ǫ] such that
ξ|[2ǫ,3ǫ] = 1, 0 ≤ ξ|[3ǫ,5ǫ] ≤ 1, ξ|[5ǫ,6ǫ] = 0
and that γ = (1− ξ2)1/2 is also smooth. We extend ξ to Z[0,6ǫ] by equaling
1 on Z[0,2ǫ] and to Y (2ǫ) by equaling 0 on Y (6ǫ). Thus γ also extends to
Z[0,6ǫ] and Y (2ǫ).
As in [10, (3.11)], we consider the Hilbert bundles
H0 = H
0(Y, S(TY )⊗ E)⊕H0(Z[2ǫ,6ǫ], S(TY )⊗ E),
H1 = H
0(Z[0,6ǫ], S(TY )⊗ E)⊕H0(Y (2ǫ), S(TY )⊗ E).
(3.31)
Following Bunke [8] (see also [10]), we define the operators a, b, c, d :
H0 → H1 fiberwise by
(i) a is the multiplication by ξ on Y followed by the transfer to Z[0,6ǫ],
(ii) b is the multiplication by ξ on Z[2ǫ,6ǫ] followed by the transfer to Y (2ǫ),
(iii) c is the multiplication by γ on Y followed by the transfer to Y (2ǫ),
(iv) d is the multiplication by γ on Z[2ǫ,6ǫ] followed by the transfer to Z[0,6ǫ].
Here the operator b should not be confused with a point in the base manifold.
Set as in [8],
W = a+ b+ c− d : H0 → H1. (3.32)
Lemma 3.6 ([8]). The operator W : H0 → H1 is unitary.
Let DY (2ǫ) be the restriction of DY to Y (2ǫ), and D
Y (2ǫ)
id be the real-
ization of DY (2ǫ) imposed with the local boundary condition defined by the
identity endomorphism of E|Z×{2ǫ}.
Set as in [8] (see also [10, (3.15)-(3.16)]),
D = DY
F˜
⊕DZ[2ǫ,6ǫ]{id, id} , D′ =W ∗
(
D
Z[0,6ǫ]
{F˜ , id} ⊕D
Y (2ǫ)
id
)
W. (3.33)
Then D and D′ have the same domain and furthermore one verifies easily
that the operator (see [8] and [10, (3.17)])
G = D′ −D (3.34)
is a family of differential operators of zeroth order. In particular, due to
Basic Assumption 2.2, it follows that the index bundles of D and D′ vanish
in K1(S). Consequently, the index bundle of D
Z[0,6ǫ]
{F˜ , id} vanishes in K
1(S).
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Let Dg and D′g be the conjugations of D and D′ by g defined as in (2.13),
respectively. Applying Proposition 2.8, we see that
sf{D,Dg} = sf{D′,D′g} in K(S). (3.35)
Observe that g regarded as a fiberwise bounded operator commutes with
W . From (3.33), (3.35) and Proposition 2.9, we get
sf{DY
F˜
,DY
g,F˜
} = sf
{
D
Z[0,6ǫ]
{F˜ , id},D
Z[0,6ǫ]
g,{F˜ , id}
}
in K(S). (3.36)
Combining with Proposition 2.8, we obtain the first equality in (3.30).
By replacing the boundary condition id in (3.33)-(3.36) by −id and using
the same argument, we get the second equality in (3.30).
3.4 Computation on finite cylinders
Theorem 3.7. The following identities hold in K(S),
sf
{
D
Z[0,6ǫ]
{F˜ , id},D
Z[0,6ǫ]
g,{F˜ , id}
}
= − sf{BZ−, BZ−,g|∂M},
sf
{
D
Z[0,6ǫ]
{F˜ ,−id},D
Z[0,6ǫ]
g,{F˜ ,−id}
}
= sf{BZ+, BZ+,g|∂M}.
(3.37)
Proof. According to (3.2), (3.28) and the definition of DZ[0,6ǫ] , we can split
DZ[0,6ǫ] with respect to the splitting E|Z = E+ ⊕ E− as
DZ[0,6ǫ] = D
Z[0,6ǫ]
+ ⊕D
Z[0,6ǫ]
− . (3.38)
Let D
Z[0,6ǫ]
+,g and D
Z[0,6ǫ]
−,g be the conjugations of D
Z[0,6ǫ]
+ and D
Z[0,6ǫ]
− by g
defined as in (2.13), respectively.
As in (2.15), we consider the curves
D
Z[0,6ǫ]
±,u = (1− u)D
Z[0,6ǫ]
± + uD
Z[0,6ǫ]
±,g , u ∈ [0, 1]. (3.39)
We impose on D
Z[0,6ǫ]
+,u , u ∈ [0, 1] the local boundary condition which is
defined by the endomorphisms id|E+ of E+|Z and id|E+ of E+|Z×{6ǫ}, and
impose onD
Z[0,6ǫ]
−,u , u ∈ [0, 1] the local boundary condition which is defined by
the endomorphisms −id|E− of E−|Z and id|E− of E−|Z×{6ǫ}. Let D
Z[0,6ǫ]
+,u,{id, id}
and D
Z[0,6ǫ]
−,u,{−id, id} denote the corresponding realizations. Then by (3.29),
(3.38) and (3.39), we have the splitting of the curves
D
Z[0,6ǫ]
u,{F˜ , id} = D
Z[0,6ǫ]
+,u,{id, id} ⊕D
Z[0,6ǫ]
−,u,{−id, id}, u ∈ [0, 1]. (3.40)
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Due to the vanishing of the K1-index of D
Z[0,6ǫ]
{F˜ , id} and Proposition 2.9, we
obtain the vanishing of the K1-index of D
Z[0,6ǫ]
−,{−id, id} and the splitting of the
higher spectral flows associated to (3.40), which implies
sf
{
D
Z[0,6ǫ]
{F˜ , id},D
Z[0,6ǫ]
g,{F˜ , id}
}
= sf
{
D
Z[0,6ǫ]
−,{−id, id},D
Z[0,6ǫ]
−,g,{−id, id}
}
. (3.41)
We proceed to compute the term on the right hand side of (3.41).
Using (3.4), (3.25), (3.28), (3.38) and (3.39), we regard D
Z[0,6ǫ]
−,u , u ∈ [0, 1]
as families of operators acting on
(
S+(TY )⊗ E ⊕ S+(TY )⊗ E
)∣∣
Z[0,6ǫ]
like
[
0 − ∂∂r +BZ−,u
∂
∂r +B
Z−,u 0
]
, u ∈ [0, 1]. (3.42)
Moreover, the local boundary condition imposed on D
Z[0,6ǫ]
−,u , u ∈ [0, 1] takes
the form under identification (3.26):{
s+ ⊕ s−
∣∣∣ s± ∈ H1(Z[0,6ǫ], S+(TY )⊗ E),
s−|Z = −s+|Z , s−|Z×{6ǫ} = −s+|Z×{6ǫ}
}
.
(3.43)
For s ∈ H1(Z,S+(TY )⊗ E−), set
s˜(r, z) = s(z)⊕ (−Js(z)), for r ∈ [0, 6ǫ], z ∈ Z. (3.44)
Then by (3.43) and (3.44), we have a naturally defined map
ı : H1(Z,S+(TY )⊗ E−) −→ dom
(
D
Z[0,6ǫ]
−,u,{−id, id}
)
, s 7−→ s˜. (3.45)
In what follows, for an operator A, we will denote by Sp(A) the spectrum
of A. The computations below are mainly inspired by [22, Section 6].
We fix any u ∈ [0, 1]. Observe that BZ−,u is a family of elliptic self-
adjoint differential operators of first order. By [16, Theorem III.5.8], we
know that the fiberwise spectrum Sp(BZ−,u) is discrete and each eigenvalue
has finite multiplicity. Let {λi(u)}∞i=1 denote all the fiberwise eigenvalues of
BZ−,u which are counted with multiplicities. Then we can pick a fiberwise
L2-orthonormal basis {si(u)}∞i=1 of H0(Z,S+(TY )⊗E−), which consists of
fiberwise smooth sections and is such that
BZ−,usi(u) = λi(u)si(u), for i ∈ N.
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As explained in Section 2.1, the fiberwise spectrum Sp
(
D
Z[0,6ǫ]
−,u,{−id, id}
)
is
discrete and each eigenvalue has finite multiplicity. We denote by Hλ the
fiberwise λ-eigenspace for any λ ∈ Sp
(
D
Z[0,6ǫ]
−,u,{−id, id}
)
.
For any λ ∈ Sp
(
D
Z[0,6ǫ]
−,u,{−id, id}
)
, s = s+ ⊕ s− ∈ Hλ, we write
s+ ⊕ (−Js−) =
∞∑
i=0
fi(r)si(u)⊕
∞∑
i=0
f˜i(r)si(u). (3.46)
Using (3.42), (3.43) and (3.46), we infer from D
Z[0,6ǫ]
−,u,{−id, id}s = λs that
∂
∂rfi + λifi = λf˜i, − ∂∂r f˜i + λif˜i = λfi,
fi(r) + f˜i(r) = 0, when r = 0, 6ǫ.
(3.47)
From the first line in (3.47), we deduce that
∂
∂r2
(fi + f˜i) = (λ
2
i − λ2)(fi + f˜i). (3.48)
Therefore, we have the following cases:
(i) either fi(r) = f˜i(r) = 0,
(ii) or λ = −λi, fi(r) = const, and f˜i(r) = −fi(r),
(iii) or λ2i − λ2 = −n
2π2
36ǫ2
, n ∈ Z \ {0},
fi(r) + f˜i(r) = const ·
(
exp
√−1nπr
6ǫ − exp(−
√−1nπr
6ǫ )
)
.
Denote Spc = Sp
(
D
Z[0,6ǫ]
−,u,{−id, id}
)∖
Sp (−BZ−,u). Then from the discus-
sions above, we have the fiberwise L2-orthogonal decomposition
dom
(
D
Z[0,6ǫ]
−,u,{−id, id}
)
=
⊕
λ∈Sp(−BZ
−,u)
Hλ ⊕
⊕
λ∈Spc
Hλ. (3.49)
Moreover, by case (ii) and (3.44)-(3.46), we know that
Hλ = ı(H−λ), for λ ∈ Sp(−BZ−,u), (3.50)
where by Hν we mean the ν-eigenspace for ν ∈ Sp (BZ−,u). Therefore,⊕
λ∈Sp(−BZ
−,u)
Hλ = ı
( ⊕
λ∈Sp(BZ
−,u)
Hλ
)
= ı
(
H1(Z,S+(TY )⊗E−)
)
(3.51)
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Denote H⊥ =
⊕
λ∈Spc Hλ. From (3.49) and (3.51), we get the fiberwise
L2-orthogonal decomposition
dom
(
D
Z[0,6ǫ]
−,u,{−id, id}
)
= ı
(
H1(Z,S+(TY )⊗ E−)
)
⊕H⊥. (3.52)
We emphasize here that the decomposition (3.52) does not depend on the
choice of {si(u)}∞i=1.
Corresponding to (3.52), we can split D
Z[0,6ǫ]
−,u,{−id, id} intrinsically as
D
Z[0,6ǫ]
−,u,{−id, id} =
(−BZ−,u)⊕Au , (3.53)
where Au is a family of invertible operators. Varying the parameter u in
[0, 1], we get the splitting of the curves associated to (3.53).
From (3.53), we infer that
Ind
(
D
Z[0,6ǫ]
−,{−id, id}
)
= − Ind(BZ−) in K1(S). (3.54)
Consequently, the spectral section for BZ− always exists. Moreover, we con-
clude that
sf
{
D
Z[0,6ǫ]
−,{−id, id},D
Z[0,6ǫ]
−,g,{−id, id}
}
= − sf{BZ−, BZ−,g|∂M}. (3.55)
Combining (3.41) with (3.55), we get the first line in (3.37). The proof
of the second line in (3.37) follows in a similar manner.
Combining Proposition 3.5 with Theorem 3.7, we get Theorem 3.1.
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